Abstract. The Racah algebra encodes the bispectrality of the eponym polynomials. It is known to be the symmetry algebra of the generic superintegrable model on the 2-sphere. It is further identified as the commutant of the o(2) ⊕ o(2) ⊕ o(2) subalgebra of o(6) in oscillator representations of the universal algebra of the latter. How this observation relates to the su(1,1) Racah problem and the superintegrable model on the 2-sphere is discussed on the basis of the Howe duality associated to the pair o(6), su(1,1) .
Introduction
The Racah algebra R has three generators K 1 , K 2 , K 3 that are subjected to the relations:
[K 1 This algebra has appeared in many guises and we here add to its understanding with the identification of a new realization. We shall indeed show that R arises as the commutant of the o(2)⊕o(2)⊕o(2) subalgebra of o(6) in the representations of U (o(6)) on the Hilbert space of states of six oscillators.
The Racah algebra was introduced as an encoding of the bispectrality properties of the Racah polynomials, see for example [1] . It is also intimately connected to the recouplings of su (2) and su (1, 1) representations [3, 4] since the Racah coefficients for these Lie algebras are expressed in terms of the Racah polynomials. We shall review this last aspect in the next section because it is relevant for the results we want to present in this paper.
The Racah algebra has also been found [5] to be the symmetry algebra of the generic superintegrable model on the two-sphere with Hamiltonian H given by and a 1 , a 2 , a 3 are parameters. We shall also bring this fact to bear on our discussion.
The Racah algebra has further been shown to have a natural embedding in su(2) [6, 7] and to be related to distance-regular graphs [8] . It also extends to arbitrary ranks [9] with a connection to multivariate Racah polynomials of the Tratnik type [10, 11] and higher dimensional superintegrable models [12] . We shall here add to this the commutant realization mentioned above and explain how Howe duality [13, 14, 15] relates this observation to the fact that R is also the commutant in U su(1, 1)
⊗3
of the addition of three su(1, 1).
The paper will unfold as follows. As already indicated, we shall review in Section 2 the occurrence of the Racah algebra in the recoupling of three irreducible representations of su (1, 1) . This is where R will be the commutant of su(1, 1) in
with the intermediate Casimir operators as generators. Our main result will be the object of Section 3 where the connection with the Racah algebra and the Lie algebra o(6) will be made. The link between this last incarnation of R as the commutant of the maximal Abelian subalgebra o(2) ⊕ o(2) ⊕ o(2) of o(6) in the universal algebra of the latter and the realization stemming from the Racah problem of su (1, 1) will be discussed in Section 4. This will be done by considering six harmonic oscillators and the dual reductive pair o(6), sp(2) in sp(12) that acts on the Hilbert space of their collective states. This Howe duality will be invoked to put in correspondance the o(6) and sp(2) ≃ su(1, 1) pictures for the Racah algebra. In the last section, we shall complete the analysis by rederiving the results pertaining to the symmetry of the generic superintegrable model on the 2-sphere. To that end, we shall carry out the dimensional reduction of the six-dimensional oscillator under the action of The Lie algebra su(1, 1) has generators J 0 , J ± that obey the following commutation relations:
and its Casimir operator is given by:
Consider now the addition of 3 irreducible representations of su(1, 1) for which the initial Casimir operators take values C (i) = λ i , i = 1, 2, 3, and let us write
with the superindex denoting on which of the three factors in su(1, 1)
the operator is acting. In addition to the initial Casimir operator C (i) we also have the intermediate Casimir operators associated to the addition of two representations
with (i j) = (12), (23), (31) and also the total Casimir operator, given by:
denote irreducible representation spaces of su(1, 1), and look at the decomposition of
. The Racah problem for su(1, 1) is about determining the unitary transformations between the bases corresponding to the steps (1 ⊕ 2) ⊕ 3 and 1 ⊕ (2 ⊕ 3) that respectively diagonalize the intermediate Casimirs C (12) and C (23)
These intermediate Casimir operators generate the Racah algebra R, since the relations (1.1) are satisfied by
and
The Racah algebra and o(6)
We will now observe that R is the commutant in U (o(6)) of a subalgebra of o(6) in the oscillator representation. The algebra o(6) has 15 generators
and it possesses the following quadratic Casimir:
We will use the realization
We want to focus on the commutant of this Abelian subalgebra in U (o(6)). It is fairly easy to see that it will be generated by the following two invariants:
(3.4)
One then finds that
Working out the commutation relations of K 3 with K 1 and K 2 , we find that they correspond to those of a central extension of the Racah algebra with L 12 , L 34 , L 45 and C playing role of structure constants. Indeed one obtains
where the parameters 
The terms of the type L µν L ρν L ρσ L µσ thus need to be re-expressed. The key to rewriting them with factors involving only the L 2 µν 's is to make use of the identity
which is directly proved in the realization (3.3) (and which in fact remains true for Dunkl angular momenta ( [16] )), and to also take its square, which yields
Combining these two identities and calling upon other elementary formulas such as
allows one to equate (3.8) with the r.h.s in (3.7), which completes the proof.
The Racah algebra and Howe duality
We shall now show how the result in the previous section can be explained by identifying the Howe pair in play in the system we have considered. In the last two sections we showed that the Racah algebra is the commutant of su(1, 1) in U su(1, 1) (6)). The connection between these two observations can be traced to Howe duality.
It is known ( [15] ) that o(n) and sp(2d) form a dual pair in sp(2dn), i.e. these two subgroups are mutual commutants. This implies that o(6) and sp(2) ≃ su(1, 1) have dual actions on the Hilbert space of six oscillators. That means that their irreducible representations can be paired and this can be done through the Casimirs.
Consider the following 6 oscillator realizations of sp (2):
We shall add these six representations by first coupling the three pairs (µν) = (12), (34), (56) and shall write:
. (4.2) Recall that the sp(2) Casimir is C = J (6)) is readily obtained:
In addition to observing that C
and the Casimir C of o(6) are affinely related, we see that the intermediate sp(2) Casimirs correspond to the generators of the commutant of {L 12 , L 34 , L 56 } in U (o(6)). We know from Section 3, that the intermediate sp (2) Casimirs realize the commutation relations of the Racah algebra. This will hence be the case also for the commutant generators and we have here our duality connection.
The Racah algebra and the generic superintegrable model on S

2
We can now complete the picture by performing the dimensional reduction from R 6 to R + ×S 2 [17, 18, 19 ] to obtain the generic superintegrable model (introduced in Section 1) with Hamiltonian H and to recover as well its symmetries. Make the following change of variables:
Eliminate the ignorable θ i s by separating these variables and setting L 
with a i = k
. The reduced Casimirs
are easily computed and have the following expressions:
+ a 2 + a 3 + 1
it is seen that
.
(5.5)
are constants, the invariant can be taken to be given by the sum of the first three terms in C (123456) . Assuming x 1 2 + x 2 2 + x 3 2 = 1, this is recognized to be the Hamiltonian (1.2) of the generic model (up to an affine transformation). The Casimirs are essentially the conserved quantities:
and they generate R which is hence the symmetry algebra.
Conclusion
The Racah algebra R embodies the theory of the Racah polynomials. The ubiquity of these orthogonal polynomials explains the diverse roles that R plays and motivates, with an eye to generalizations, the examination of all facets of this algebra. It is hence quite nice that we could find a new characterization of R . Put in simple terms, our findings can be summarized as follows. We have shown that the Racah algebra is generated by polynomials in the generalized angular momenta in six dimensions that are invariant under rotations in three non-intersecting planes. We have further indicated that this picture is dual, in the sense of Howe, to the one where the Racah algebra is generated by the Casimir operators in the addition of three irreducible representations of su(1, 1). This was done by exploiting the correspondence between the representations of o(6) and those of sp(2) acting on the state space of a six-dimensional harmonic oscillator. The analysis provided an illuminating context within which the Racah symmetry of the generic superintegrable model on the 2-sphere is naturally obtained by dimensional reduction. This suggests numerous potential extensions. It should be possible to extend all the results of this paper to higher dimensions, namely, to Racah algebras with rank superior to one. These algebras have already been introduced using the recoupling model, that is, as the ones generated by the various Casimir operators arising the the addition of four and more su(1, 1) representations [9] .
In view of our observations, it is natural to expect that these could be shown to be in duality with commutants of the n-torus in o(2n) with n ≥ 4.
There are also two other important rank one algebras that share properties with the Racah algebra: the Askey-Wilson (AW) and the Bannai-Ito (BI) algebras. The AW algebra [20] accounts for the bispectral properties of the Askey-Wilson polynomials. It is the object of much attention and like the Racah algebra it arises in particular in a Racah problem, this time for the quantum algebra U q (sl(2)) [21] . The Bannai-Ito polynomials are most simply defined as a q → −1 limit of the Askey-Wilson polynomials [22] . They are also bispectral and the BI algebra [23] encodes these defining features. The Racah problem of relevance in this case is the one associated to the Lie superalgebra osp (1, 2) leading to a realization of the BI algebra again, in terms of the intermediate Casimir operators [24] . The BI algebra has also been shown to be the symmetry algebra of a superintegrable model on the two-sphere involving reflection operators [25] as well as of a Dirac-Dunkl equation in R 3 [26] . This is observed by realizing the three osp (1, 2) that are added in terms of Dunkl operators [27] and using a Clifford algebra in the latter problem. For a review of the BI algebra and its applications see [28] . For both the AW and BI cases, it would be quite interesting to determine if there is a Howe duality setting that would allow to develop for these algebras a commutant interpretation similar to the one that we have found for the Racah algebra. How dimensional reduction would then operate would be revealing with respect to superintegrable models. The AW and BI algebras of higher ranks could then as well lend themselves to similar descriptions. We plan to examine all these questions in the near future.
